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ABSTRACT
Let S be a finite non-trivial 2-group. It is shown that there exists a non-
trivial characteristic subgroup W(S) in S satisfying: W(S) is normal in
H for every finite £4-free group H with S € Syl,(H) and Cx(02(H)) <
Oq(H).

Let S be a non-trivial finite 2-group. In [Gl;] (see also [Gl;]) Glauberman raised
the question whether it is possible to find a non-trivial characteristic subgroup
W (S} of S such that W(S) is normal in H for every finite group H satisfying:

(I) H is Ly-free,

(I1) S € Syly,(H) and Cu(02(H)) < O2(H).

An affirmative answer to this question would provide an analogue to
Glauberman’s ZJ-Theorem for the prime 2. It also would improve Glauberman’s
Triple-Factorization Theorem proved in [Gly].

In this note we will give an answer to that question under the following
additional hypothesis (which was also used in [Gly]):

(IIT) Every non-abelian simple section of H is isomorphic to Sz(2™) or PSLy(3™)
for some odd m.

In section 3 we will define a characteristic subgroup W(S) of S with ©,(Z(5))

< W(S) < Z(J(S)) for which the following theorem holds.

THEOREM: Suppose that H is a finite group satisfying (I), (II) and (III). Then
W(S) is normal in H.
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As with the Triple-Factorization Theorem, one can use the above Theorem
and Goldschmidt’s result about groups containing a strongly closed abelian 2-
subgroup [Gol] to show that the hypotheses (I} and (II) already imply hypothesis
(III) (see section 7 in [Gly]).

The proof of the Theorem uses the same approach as in [St;] via embeddings
and amalgamated products, but in contrast to [St;] it does not use the amalgam
method.

The properties of the groups Sz(2™) and their GF(2)-modules and of the
groups L2(3™) used in the proof can be found in [Su], [Ma], [Gly] and [Hu],
respectively. If the reader restricts himself to solvable groups H the proof
becomes, apart from textbook material, self-contained.

1. Embeddings

Let p be a prime and S a finite p-group. An embedding of S is a pair (7, H)
where H is a group and T a monomorphism from S into H. We are interested in
the following class of embeddings of S and certain subclasses of it.

Let C be the class of all embeddings (r, H) of S such that

(i) H is finite and ST € Syl (H), and

(i) Cu(Op(H)) < O(H).

Let U be a non-empty subclass of C. Then U is characteristically closed, if

(*) (ar,H) € U for every (r, H) € U and a € Aut(S).

Os(U) denotes the largest subgroup X of § such that
(**) X7 is normal in H for every (7, H) € U.

1.1: Let U be a characteristically closed subclass of C and a € Aut(S). Suppose
that the subgroup X < S satisfies (**). Then X satisfies (**). In particular,
Os(U) is a characteristic subgroup of S.

Proof: Let (1,H) € U. Then (ar, H) € U and thus X(ar) = (Xa)7 is normal
in H. |

Let (7;, H;) € U for i = 1,2. We define (71, H,) and (73, H2) to be equivalent,
if there exists an isomorphism ¢ from H; to H, such that m1¢ = 72. This defines
an equivalence relation on Y. Let [if] be the class of equivalence classes of &/ with

respect to this equivalence relation.
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1.2: Let U be a subclass of C. Then [U] is a finite set.

Proof: By (i} and (ii) in the definition of C the order of H is bounded by a
function of |S|. Hence, if S is fixed, there exist only finitely many non-isomorphic
groups H with (i) and (ii); and for every such group H there exist only finitely
many monomorphisms from S into H. ]

Let {(ry, H1),...,(7+, Hr)} be a set of representatives of the classes in [U].
Then the amalgamated product of the groups Hy, ..., H, over S (for the definition
see [Se]) is unique up to isomorphism and does not depend on the choice of the
representatives. We denote this group by G{U).

As usual we identify the groups S, Hy, ..., H, with their images in G(lf).

1.3: Let U be a non-empty subclass of C and X a subgroup of S. Then the
following two statements are equivalent:

(a) X satisfies (*¥*).

(b) X is normal in G(U).

In particular, Ogs(U) is the largest subgroup of S which is normal in G(U).

Proof: 'This follows directly from the definition of G(I) and the identifications
we have made. 1

1.4: Let U be a characteristically closed subclass of C, A a characteristic
subgroup of S in Os(U) and W = (AGM)). Then W is a characteristic sub-
group of S.

Proof: Let a € Aut(S). By 1.3, W satisfies (**). Hence, by 1.1, Wa satisfies
(**) and, again by 1.3, Wa is normal in G(U). Since Ada = A < Wa we get
W < Wa and then W = Wa. |

Let Cas be the class of all embeddings (r, H) € C such that:
(M) For every normal subgroup N of H, either STNN < O,(H) or OP(H) < N.

1.5: Let (v, H) € C. Then there exist subgroups Hy, ..., H, of H containing St
such that H = (Hy,...,H,) and (1,H;) € Cp fori=1,...,n.

Proof: We proceed by induction on |H|, and we identify S with its image in H.
Let N be a normal subgroup of H. Then H = Ng{(SNN)N. If both Ny(SnN)
and SN are proper subgroups, then by induction the assertion holds for these
subgroups and thus for H. Hence, we may assume that H = Ng(S N N) or
H = SN for every normal subgroup N of H. But then H satisfies (M). |
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A group H is X-free, if A/B % X for every subgroup A of H and every normal
subgroup B of A. It is easy to see that a finite group H satisfying (II) is ¥4-free,
if and only if H/Oq(H) is Ls-free.

2. Modules

In this section let p be a prime, S a finite p-group and V a finite GF(p)S-module.
We define

E(S,V)={A < S|[V,4] # 1, A/C4(V) elementary abelian};
a(S,V) =0, iE(S,V)=0,
a(S, V) = min{log 4, (v)|(IV/Cv(A)))|A € E(S,V)}, otherwise.

2.1: Let A € €(S,V) and U be a subspace of V. Suppose that |A/Ca(V)|® =
|V/Cy(A)|. Then

either [U/Cy(A)] < |A/Ca(U)I° or [V/Cy(Ca(U))] < [Ca(U)/Ca(V)I*.
Proof: Set Ag = C4(U). Assume that |[U/Cy(A)| > |A/Ao|¢. Then

[V/Cv (4o)| < IV/Cv(A)lICv(AU/Cv(A)
< |A/Ca(V)[*|A[Ao|™¢ = |Ao/Ca(V)I°.

2.2: Let A € £(S,V) such that [A/Cy(A)[*SY) = [V/Cy(A)|. Then for every
A-submodule U of V, either a{A,U) < a(S,V) or [U, A] = 1.

Proof: Let U be an A-submodule of V such that [U, A} # 1, and let Ag = C4(U).
Then 2.1 implies that a(A,U) < a(S$,V), or

[V/Cv(Ao)| < |A0/Ca(V)I*®Y) = |Ao/Cao(V)[*5V).

The second possibility contradicts the definition of a(S, V). |

In the following let H be a finite group, S € Syl,(H) and V a finite GF(p)H-
module. Moreover, we assume that V = (Z¥) for some S-submodule Z; of V.
Set a = a(S, Zo) and H = H/Cy (V).
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2.3 ([St2]): Suppose that there exists A € £(S,V) such that [Zp, A] = 1 and
A< 0y(H). Then [&® < [V/Cy(A)].

Proof: We define subgroups A = Ag > A > --- > A; = C4(V) and conjugates
W, = Z§, x; € H, such that A; = C4,_,(W;) for i =1,...,t. Then

|Aio1/Ai|* < |Wi/Cw,(Ai_y)

and

[4ql* < [T IW:/Cw.(Ai-1)l.

=1

On the other hand
[Wi/Cw.(Ai—1)| = [WiCv (Ai—1)/Cv(Ai-1)| £ |Cv(A:)/Cv(Ai1)l,

and thus
|Cv (As)/Cv(As-1)| -+ |Cv(A1)/Cv(Ao)| = |V/Cv(Ao)|

¢
> H |Wi/Cw,(Ai—1)| 2 [Ao]®. B
i=1
2.4: Let p =2 and M be a maximal subgroup of H containing S. Suppose that
(i) Every non-abelian simple section of H is isomorphic to Sz(2™) or L2(3™)
for some odd m,
(ii) H is X3-free, and
(iii) A is an elementary abelian subgroup of S, and A £ (,cg M h,
Then there exists a subgroup L of H such that
(a) A< SNLeSyl,(L)yand L L M,
(b) L =(A, A®) for every x € L \M, and
(c) L/O2(L) = Dyys, r an odd prime, or L/O3 o/(L) = Sz(2™), m > 1.
Proof: We proceed by induction on |H|. Then we may assume that Ox(H) = 1.

Let D = ey M" and H = H/D, and let |U| be minimal with $ < U < H and
H =UD. Then M NU is a maximal subgroup of U and

(YMM*nU) < () M* = D.

uel uelU
Hence, U satisfies the hypothesis with respect to M N U, and by induction we

may assume:

(%) IfS<Uand H=UD, then U = H.
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In particular, the Frattini argument and (*) imply that Oo(H) = 1 and D has
odd order.

Assume that D # 1. Then by induction there exists L < H satisfying
(a)-(c) with respect to S, A and M. Hence, L satisfies the hypothesis with
respect to L N M, and again by induction we may assume that L = H. Now (*)
and Oy(H) = 1 show that L satisfies (a)—(c).

Assume now that D = 1. Let N be a minimal normal subgroup of H. Note
that H = NM. Suppose that N is solvable. Then N has odd order, and

[N, A] = ([Cn(Ao), A| |A/Ao| = 2).

If [N, A) < M, then (A¥) < M, a contradiction. Thus, there exists a subgroup
Ap < A such that |[A/Ap] = 2 and [Cn(Ap), A] £ M. A subgroup L satisfying
(a)—(c) is now easy to find in [Cn(Ao), A)A.

Suppose that N is not solvable. Then N = E; x --- x E,, E; = Sz(2™) or
L3(3™). In both cases Ny(E;)/E;Cu(E;) has odd order, either by (ii) or since
Aut(Sz(2™))/ Sz(2™) has odd order. Hence N4(E;) < E;Cx(E;), and as above
[N, A] £ M. Hence, we may assume that [E;, A] £ M. Let A; be a subgroup of
A such that

(*) A1 x Na(Ey) = A, if Co(E1) # Na(E1), and
(**) Ca(E1) < A and |4/A;| = 2, if Ca(Ey) = Na(Ey).

Define E = {[],c4, €*le € E1}. Then E & E;, E is a normal subgroup of
Cn(A;), and [E, A] # 1. Moreover, [E, E1 N S] = E; £ M shows that E £ M.

Suppose that A £ Ny(E). Then () holds, and [E,a] = E x E* for a €
AN A;. Hence, there exists an element x € E of odd prime order such that
z-1z% ¢ M. Now L = A(z~1z°) satisfies (a)-(c).

Suppose that A < Ny(E). Note that EA = EZ(EA). If E = Sz(2™),
the assertion is easy to check in FA. Assume that E & Ly(3™), m odd. By
[Hu, I1.8.27] we may assume that (EAN M)Z(EA)/Z(EA) & Dgmy; and
AZ(EA) € Syl,(EA). But then Ng(A) £ MZ(EA), and the assertion can
be verified in (M N EA)Y for y € Ng(A)~ MZ(EA). |

2.5: Let p = 2 and A, M, H and L be as in 2.4, and let W = (Z{) and
L = L/CL(W). Suppose that

(i) Nu(Zo) < M and [Zy, A] =1, and

(i) [V, 4,4] = 1.
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Then the following hold:

(a) W = Cw (A)Cw(A®) for z € L\M.

(b) Cw(A) = [W, A]Cw (L) = [W,a]Cw (L) = Cw/(a) for a € A\Oy(L).

(c) If|AJAN Oy(L)| = 2, then L/Oy(L) = Dy, and every chief factor of L in
W/Cw (L) is non-central.

(d) If|A/ANO4(L)| > 4, then L/Oo(L) = Sz(2™), m > 1, and every chief factor
of L in W/Cw(L) is a natural Sz(2™)-module. Moreover, if Oy(L) = 1,
then W/Cw (L) is the direct product of natural Sz(2™)-modules.

Proof: Let W = W/Cw(L) and @ € A\O2(L). Then there exists y € L such
that a¥ ¢ M and L = (A,aY). Hence W = [W, A][W,a¥]Z,. By our hypotheses
[W, A]Zo < Cw(A) and [W, A]Zo N [W, a¥] < Cw (L). Thus

[W, A]70 n [W, a¥]=1 and ![W, A]7()|2 < |W|
It follows that
W, a¥]| < |[W, A]| < |[W, A]Zo| < [W/[W, A]Zo| = |W,a"]|.

This gives [W, A] = [W, A]Zo and W = [W, A] x [W, a¥]. Now (a)(c) follow.

We now assume that |A/A N Oq(L)| > 4. Then L/Os (L) & Sz(2™),m > 1.
Suppose that [Og.2/(L), A] € O2(L). Let Ap < A be maximal with a € Ay and
AgNOz(L) = 1. By (b), [W, Ag] = [W,a]. Now |Ag| > 4 shows that O, 5 (L)
operates trivially on every chief factor of L in W, and 0%(04 (L)) < CL(W).
Since the Schur multiplier of Sz(2™) is a 2-group this gives L/O,(L) 2 Sz(2™).

Let f be an element of order 5 in L. Then f ¢ M since NpL(SNL)Os2(L) =
LN M. We may assume that f is inverted by a. It follows that W = [W,a] x
[W,af], and f operates fixed-point-freely on W. Hence, [Ma] gives the remaining
assertion of (d). |

2.6: Suppose that p = 2, Oz(H) = 1 and H satisfies (i) and (ii) of 2.4. Then
2 <a(S,V).

Proof: This is Theorem A in the appendix of [Gly]. [

Let H = Sz(2™) and V be a natural Sz(2™)-module. In the next lemma we
use the following properties of V. There exists a series 1 = V5 < --- <V, =V of
Np(S)-submodules of V such that
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(1) Vi, 8] = Vi_1, (Vi/Vic1| = 2™, and V;/V,_; is an irreducible Ng(S)-module
for1<i<d4,

(i) Vi = Cv(s) = [Va, ] for every s € SN Z(S), and Vo = Cy(z) = [V, 2] for
every 1 # z € Z(5).

2.7: Suppose that H/Z(H) = Sz(2™), m > 1, and Z(H) < H'. Let W be a
normal subgroup of Ng(S) in S. Then either Z(H) < W or W < Z(H).

Proof: By 17.4, 25.1 and 25.3 of [Hu], Z(H) < S’. Let W be a counter-
example. Then we may assume that |Z(H)/Z(H) N W| = 2. Hence, the
action of Ny(S) on S shows that S/W is extraspecial. But |S/WZ(H)| = 2™,
m odd, a contradiction. 1

2.8: Let H/Oo(H) =2 Sz(2™), m > 1, and let W be an elementary abelian normal
subgroup of Ny(S) in S. Suppose that

(a) Cu(O2(H)) < Oz(H) and W £ Oz(H), and

(b) Ox(H)/Z(H) is the direct product of natural Sz(2™)-modules.

Then there exists a subgroup Q < S such that ®(Q) < Cy(W) and |W/Cw(Q)|
< |Q/Co(W)| # 1.

Proof: Let X = Oo(H) and X = X/Z(H), and set X, = [X, 5] and X;
[Xo, W). Note that X = (X NW)X NW)! for t € H Ng(S) and |S/WX| =
2™. Note further that |X| = ¢*, |Xo| = ¢® and |Cx(S)| = ¢, where ¢ = 2™",
the number of H-chief factors in X.

Since [Xo, S, W] = [S,W, Xo] = 1 the 3-subgroup Lemma implies [X;, 5] <
Z(H) and | X;| = ¢. In addition, Xp = {v € X|[v,w] € X;} foreveryw € W \ X.
Let £ € X ™ Xg. Then [X;,z,S] = [S,X1,z] = 1 and thus also [z, S, X;] = 1.
Since ([z, S}(W N X)|z € X \ Xo) = Xo, we conclude that [X;, Xo] = 1.

Let s € SNWX. Then s2 = wv where v € (WNX)!Z(H) and w € W. It
follows that (wv)? € [w,v]Z(H) = s*Z(H); in particular, [w,v] € Cwnx(s) <
X1Z(H). But this implies that v € XoZ(H) and s € WX,Z(H). Then there
exists v’ € X such that [s,v')(W N X)Z(H) = v(W 0 X)Z(H). Hence (sv')? =
s2v"[s,v') € w(W N X)Z(H). Thus, there exists s € S\ WX such that s® €
W Z(H).

Note that [s, W] < Cw(s) N X < X; because W is elementary abelian and
s? € WZ(H). Hence [Xo,s,W]| = [s,W,X,] = 1 and thus also [W, Xo, 5] =
[X1,8] =1. Let @ = Z(H)XoW(s9g € Ny(S)). Then [X;,Q] =1 and [W,Q] <

3
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Xi. It follows that ®(Q) < Cy(W). Moreover Cw (Q) = X1(Z(H) N W) and
Co(W)=WZ(H). This gives

[W/Cw (@) =27¢ < |Q/Co(W)

since QX = S. |

2.9: Suppose that p = 2 and H satisfies (i) and (ii) of 2.4. Then a(S,V) < 1
implies a(S, Zy) < 1.

Proof: Assume that a(S, V) < 1 but a(S, Zp) > 1, and let |V/Zy||H| be minimal
with that property. Then Zg # V. We choose the following notation:

£*(S,V) is the set of all A € £(S, V) such that |4/C4(V)|*5V) = |V/Cy(A)],

E3(S,V) is the set of all A € £*(S,V) such that |A/C4(V)| is minimal,

J(S,V) = (A|A € E(S,V)), My = Ny(J(S,V)), Z& = (ZM°) and M =
Nu(Zg).

From 2.2 we get that [Zo, J(S,V)] = 1 and thus also [Z§,J(S, V)] = 1. In
particular V' # Z and M # H. Now the minimality of |V/Zy||H| gives either
Zy = Z§ or a(S, Z§) < 1. In the second case |Z§/Zo|| M| < |V/Z)|H|, and again
the minimality of |V/Z,||H| implies that a(S, Zy) < 1, a contradiction. Thus, we
have Zy = Z3.

Let M < Hy < H such that M is a maximal subgroup of Hp, and let Z;
= (Z). Then Z, # Z,, and as above the minimality of |V/Zo||H| first gives
a(S,Z;) <1 and then Hy = H.

Let D =,y M". Assume that J(S, V) < D. Then by the Frattini argument
H = MyD < M, a contradiction. Hence, there exists A € £5(S,V) such that
A £ D. Since |A/C4(V)| is minimal the Thompson-Replacement Theorem [Go]
gives [V, A, A] = 1. We have shown that Zy, A, M and H satisfy the hypotheses
of 2.4 and 2.5. Moreover M = Ny (Zp).

Let L be as in 2.4. Set U = (ZF), U = U/Cy(L), Ao = AN Oz(L), Q = (A)
and L = L/CL(U). Note that by 2.2, a(4,U) < a(A,V) < 1. Note further
that M NL = Ny(Zp) and [Zp, A] = 1; in particular [N, U] = 1 for every normal
subgroup N of L in M with [N, A] = N. Thus, if L/C1(U) is solvable, then 2.5(c)
and the Frattini argument give MNL = C (U)(SNL). If L/CL(U) is not solvable,
then 2.5(b), 2.5(d) and the structure of Sz(2™) yield M NL = C,(U)N(SNL).
Hence, in both cases M N L = CL(U)NL(SN L) = Np(Zy).



376 B. STELLMACHER Isr. J. Math.

By 2.5(a) we also have U = Cy(A)Cy(A*) for x < L~ M. For y € L we get
that [Z§, Ao] < Cu(A) since [U, A, A] = 1, and [Z], Ao) < Z§ < Cy(AY). Hence

[Z8, Ag) < Cu(A)NCY(A®) = Cy(L) forz € LN M.

In particular, Q operates quadratically on U and [U, Q] < Cy(L).

Let By = A¢[Q, A]. Then Cy(A) < Cy(Bg) since [Cy(A),Q] < Cy(L), and
Q = Bp x BE. Moreover, 2.6 (applied to L and a non-central L-chief factor
of U) and a(A4,U) < 1 imply that Ay # 1 and thus By # 1.

Assume that |A/Ag| > 4. Then by 2.5, L/O5(L) = Sz(2™) and every chief

factor of L in Q and U is a natural Sz(2™)-module. Hence |Bg| = 2%*™ and
U/Cy(A)| = 2%™ < [A] < |A/Ao||By| < 2°5™*™

since a(4,U) < 1. It follows that k¥ > s and |Bg| > {U/Cy(Bo)|, and by 2.3
applied to Bo, U and L (in place of A, V and H)

|Bo|*(5:%0) < |U/Cy(By)| < |Bol-

Hence a(5, Zp) < 1, a contradiction.
Assume now that |A/Ag| = 2. Then L/O5(L) = Ds,, r an odd prime, since
ML= Ng(SNL). Now Q| = 2% and [U| = 2** where r[2°* — 1 and r|2%* — 1.

On the other hand, as above

U/Cu(A)| = 2° < 2[Bo| = 2"+

since a(S,V) < 1, and thus s < k+ 1. If s < k, we get as above with 2.3
a(S, Zy) < 1. Hence s = k+1 and 22F = 22¥+2 = 1 mod r. This gives r = 3, and
L is not ¥4-free, a contradiction. |

3. A characteristic subgroup

In this section p = 2 and F is the class of all embeddings (7, H) of C such that
H is ¥4-free. Let F* be the class of those (7, H) in F satisfying:

(*) Every non-abelian simple section of H is isomorphic to Sz(2™) or Ly(3™)
for some odd m.

Note that condition (ii) in the definition of C implies that H/Oy(H) is X3-free
for every (1, H) € F.
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Throughout this section we identify S with its image in the corresponding
groups H. We now define the following subclasses of F*:

Fi: all (1, H) € F* NCp with J(S) normal in H,
Fy: all (7, H) € F* NCp with J(S) not normal in H.

Let Gy = G(Fy), Wo = 01(2(8)), and W = (WE*). Note that W < Z(J(S))
and that by 1.4 W is a characteristic subgroup of S.

For a sequence (71, H1),. .., {7k, Hy) of elements of F; we define recursively:
W= (WH) fori=1,... k.

Since Z(J(S)) is normal in G; there exists a sequence (7o, Hp), ..., (7¢, Ht) of
elements of F; such that

(i) Ho =S, and

(i) Wy #W,_1for1<i<tand W, =W.

3.1 a(S,W;)>1for0<i<t.
Proof: Note that a(S, Wy) = co. Thus, 3.1 follows from 2.9. 1
3.2: Let (7, H) € Fa. Then either [W;,0%(H)] =1 or W; £ Oz(H).

Proof: Suppose that [W;, 02(H)] # 1 and W; < O3(H). Set Y = (WH). As-
sume that Y is abelian. Then 2.9 and 3.1 give [Y, J(S)] = 1. Hence [Y,0%(H)| =
1 since J(S) £ O2(H), and thus also [W;, O?(H)] = 1.

Assume now that Y is non-abelian. Then there exists x € H such that
[Wi, W] # 1. We may assume that |W;/Cw,(WF)| < |[WF/Cwz=(W;)|. Hence
a(S,W;) < 1 which contradicts 3.1. |

3.3: Suppose that (1, H) € F5 and H is solvable. Then [W,0%(H)| = 1.

Proof: Let (1, H) € F3 be a counterexample such that {H| is minimal. Then by
1.5, Ng(W) is the unique maximal subgroup of H containing S. Note that by
3.2, W £ O(H). Hence, by 2.4 there exists L < H satisfying

(*) L/Oy(L) = Dy,, r an odd prime, and
(**) SN L e Syly(L) and L = (W,W?) for x € L~ Nyg(W).

We choose the following notation:
A=WnOyL), B=W*nOy(L), X = AB, D = AnB, X = X/D, and
L=L/X
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Note that Og(L) = X. Let j be minimal with the following property:
(***) There exists y € G1 such that W} £ O5(L) and X < S¥.

Note that y = 1 and W; = W satisfy (***). We set U = H}, Vo = WY,
V = [Vo,0%U)), Vi = [V, 02(U)), V = V/W, X1 = ((BN O1(U)").

Assume that j = 0. Then [X,Z}] = 1 and thus [X,0%(L)] = 1. On the
other hand [O2(H),0%(L)] < X, since Oz(H) < Ng(W)n Ng(W=). Hence,
[0O2(H),0%(L)] = 1 which contradicts Cy(02(H)) < Oy(H).

Note that Vy = (ij_z1|z € U) since § > 0. Hence, there exists u € U such
that WY*, £ Oq(L). Note further that A < O2(U) since W is normal in G|.
If B < O2(U), then X < 05(U) < S¥¥, which contradicts the minimality of j.
Since BO4(U) = XO2(U) we have shown:

(1) B £ 02(U) and B/B N 0,(U) = X/X N O4(U).

Since W}_; # WY we get V # 1. Moreover, W, < A by the minimality of j,
and Vo = VWY_,. It follows that

(2) Vo= V(Von A), V £ Oa(L) and [V/V N Al = 2.

Since V operates quadratically on X we get from 2.5 that A = (VN A)D. Note
further that B is abelian and D < Z(L). Thus, we have

(3) [X,BNOx(U)] = [ANV, BN 0,(U)] = [X,X1] < DN Vi
In particular |V/Ci(X1)| < |V/V N Al = 2, and 2.6 gives X; < O2(U) and
BN X; = BNOy(U). Since by (3) [B,V N X;] < V; we conclude that V N X7 <
Cy(B). This implies that

1 1
|B/BNOx(U)] = [BX1/X1| = |AXy/Xa| = SIVX1/X| 2 5|V/Cy(B)].

On the other hand, 2.6 yields |[B/B N O2(U)|* < |V/Cy(B)|. Thus, [V/Cy#(B)|
< 2, and again 2.6 shows that B < O4(U), which contradicts (1). |

3.4: Suppose that (1, H) € F,. Then [W,0%*(H)] = 1.

Proof: Let (1, H) be a counterexample such that |H| is minimal. By 3.2 W £
O2(H) and by 3.3 H is not solvable. As in 3.3 the minimality of H shows that
Ng(W) is the unique maximal subgroup of H containing S. It follows from
(Hu,V.25.1 and 25.3] that OX(H/O2(H)) = E1 X - -- X Ey, E; & Sz(2™), m > 1.
In particular Ng(W) = Ny (SN O?(H)Oz(H)).

Since the centralizer of an involution in Sz(2™) is a 2-group we conclude that

any two conjugates of W generate a non-solvable group. Hence, by 2.4 there
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exists L < H satisfying

(%) L/Oy(L) =2 S8z(2™), m > 1,

and

(%) SNLeSyl,(L) and L={(W,W¥% forxe L~ Ny(W).

Let X be as in 3.3. The action of N,(W) on W shows that L = O?(L)X.
Hence, L/X is a perfect central extension of Sz(2™), and 2.7 implies that X <
O5(L) € WX. This gives X = Oy(L), and by 2.5 X/Z(L) is the direct prod-
uct of natural Sz(2™)-modules. Thus, L satisfies the hypothesis of 2.8, but 2.8
contradicts 3.1. |

The proof of the Theorem: Define W(S) := W. According to 3.4, W(S) is
normal in H for every (r, H) € F* N Cp. Now 1.5 yields the Theorem. |
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